We improve the viscosity approximation process for approximation of a fixed point of a quasinonexpansive mapping in a Hilbert space proposed by Maingé 2010 . An example beyond the scope of the previously known result is given.
Introduction
Let H be a real Hilbert space with inner product ·, · and the induced norm · . In this paper, we denote the strong and weak convergence by → and , respectively. For a subset C of H, a mapping T : C → C is said to be nonexpansive if Tx − Ty ≤ x − y for all x, y ∈ C; and it is quasinonexpansive if its fixed-point set Fix T : {x ∈ C : x Tx} is nonempty and Tx − p ≤ x − p for all x ∈ C and p ∈ Fix T . It is clear that every nonexpansive mapping with a nonempty fixed-point set is quasinonexpansive, but the converse is not true. The process for approximation of a fixed point of a nonexpansive or quasinonexpansive mapping is one of interesting problems in mathematics and it has been investigated by many researchers. One of the effective processes for this problem is given by Moudafi 1 . Let C be a closed convex subset of H, and T : C → C is a nonexpansive mapping with a nonempty fixed-point set Fix T . Moudafi proposed the following scheme which is known as Moudafi's viscosity approximation process:
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where f : C → C is a contraction; that is, there exists an α ∈ 0, 1 such that f x − f y ≤ α x − y for all x, y ∈ C and {ε n } is a sequence in 0, 1 satisfying
It was also proved that {x n } converges to an element z ∈ Fix T satisfying the following inequality:
for all q ∈ Fix T . In the literature, Moudafi's scheme has been widely studied and extended see 2-5 and references therein . For example, Xu 6 improved this result to a Banach space. The interesting improvement of this result given by Maingé 7 is our starting point. His result is given below. Theorem 1.1. Let C be a closed convex subset of a Hilbert space H, and T : C → C is a quasinonexpansive mapping such that I − T is demiclosed at zero, that is, z ∈ Fix T whenever {z n } is a sequence in C such that z n z and z n − Tz n → 0. Suppose that f : C → C is a contraction. Let {x n } be a sequence in C defined by
where ω ∈ 0, 1 , I is an identity mapping, and {α n } is a sequence in 0, 1 satisfying
Then the sequence {x n } converges to an element z ∈ Fix T and the following inequality holds
It should be noted that Maingé's result is more widely applicable than Moudafi's. However, after a careful reading, we find that there is a small mistake in Maingé's proof. The following fact see 7, Remark 2.1 i3 is used: if T : C → C is quasinonexpansive and T ω : 1 − ω I ωT where ω ∈ 0, 1 , then
for all x ∈ C and q ∈ Fix T . Note that the inequality above is equivalent to
But this fails; for example, let us consider the nonexpansive mapping T : R → R defined by
The correction of Maingé's result is as follows. 
for all x ∈ C and q ∈ Fix T .
Proof. Notice that x − T ω x ω x − Tx and
1.8
On the other hand,
Remark 1.3. Unfortunately, this effects the main result see 7, Theorem 3.1 in Maingé's paper. More precisely, inequality 32 of its proof page 78, line 22 should read
1.12
Therefore, Theorem 1.1 above is valid for only ω ∈ 0, 1/2 under the same technique.
The purpose of this paper is to simultaneously present a correction of the proof of Theorem 1.1 which is valid for all ω ∈ 0, 1 , and extend his scheme to a wider class of mappings including average mappings, that is, mappings of the form 1 − ω I ωT . Our result is more general than Maingé's theorem. An example of a quasinonexpansive mapping which is not applied by Maingé's theorem but applied by our result is given.
Result
First, let us recall some lemmas which are needed for proving the main result. 
For a closed convex subset C of a Hilbert space H, the metric projection P C : H → C is defined for each x ∈ H as the unique element P C x ∈ C such that
It is well known that see, e.g., 9 for x ∈ H and y ∈ C y P C x ⇐⇒ x − y, y − z ≥ 0, ∀z ∈ C.
2.4
For x, y ∈ H, the following inequality is known as the subdifferential inequality:
Abstract and Applied Analysis 5 A mapping T : C → C is said to be strongly quasinonexpansive 10 if it is quasinonexpansive and z n − Tz n → 0 whenever {z n } is a bounded sequence in C such that lim n → ∞ z n − p − Tz n − p 0 for some p ∈ Fix T . It is known that every metric projection is strongly quasinonexpansive.
We are now ready to present our main result.
Theorem 2.3. Let C be a closed convex subset of a Hilbert space H and T : C → C is a strongly quasinonexpansive mapping such that I − T is demiclosed at zero. Suppose that f : C → C is a contraction. Let {x n } be a sequence in C defined by
where {α n } is a sequence in 0, 1 satisfying
for all q ∈ Fix T .
Before we give the proof, we note that Fix T is closed and convex see 11 for more general setting . Hence the mapping P Fix T • f : C → C is a contraction. Then it follows from the well-known Banach's contraction principle that there exists a unique element z ∈ C such that z P Fix T • f z . In particular, z ∈ Fix T and f z − z, q − z ≤ 0 for all q ∈ Fix T .
Let us assume that f x − f y ≤ α x − y for all x, y ∈ C where α is a real number in 0, 1 .
Lemma 2.4.
The sequence {x n } is bounded.
Proof. We consider the following inequality:
2.8
By induction, we conclude that the sequence { x n − z } is bounded and hence so is the sequence {x n }.
6
Abstract and Applied Analysis Lemma 2.5. The following inequality holds for all n ∈ N:
Proof. It follows from the subdifferential inequality that
2.10
Lemma 2.6. If there exists a subsequence
Proof. First, we note that α n k → 0 and let us consider the following inequality:
2.11
This implies that lim k → ∞ x n k − z − Tx n k − z 0. Since T is a strongly quasinonexpansive mapping, x n k − Tx n k → 0. In particular, x n k − x n k 1 → 0. Because {x n k } is bounded, so there exists a subsequence {x n k l } of {x n k } such that x n k l q and
2.12
It follows from the demiclosedness of I − T at zero that q ∈ Fix T . Then 
